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By using appropriate transformations in combinationwith specific Abel equations solvable
in closed form containing arbitrary functions, an implicit solution as well as the associated
sufficient condition are derived for certain differential equations of the Abel class of the
first kind.
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1. Introduction
Below, the prime denotes differentiation with respect to the corresponding suffix, e.g. y′x = dydx , q′z = dqdz etc. Considering
now the Abel equation of the first kind:
y′x = f3 (x) y3 + f2 (x) y2 + f1 (x) y+ f0 (x) , y = y (x) , (1.1)
we have that when a particular solution y0 is known, the substitution y = y0 + 1/u (y) leads to [1, 1.4.1]
uu′x = −
(
3f3y20 + 2f2y0 + f1
)
u2 − (3f3y0 + f2) u− f3. (1.2)
Further, by means of the substitution [1, 1.3.4]
u (x) = w (x) /E, E = −
∫ (
3f3y20 + 2f2y0 + f1
)
dx,
Eq. (2.1) is reduced to
ww′x − F1 (x) w = F0 (x) (1.3)
with F0, F1 specific expressions for the functions f1, f2, f3, y0 and E. Both Eqs. (1.2) and (1.3) belong to the Abel class of
the second kind and by appropriate transformations can occasionally be transformed to equations accepting closed-form
solutions like the separable, linear, Bernoulli and—solvable under certain conditions—Riccati equations (see [1, 1.3.4 and
1.3.2, 1.3.3], where thirty equations of the form (1.2) and twenty five equations of the form (1.3) solved by this specific
procedure are recorded). Moreover a classical reduction of Eq. (1.3) is accomplished by the substitution w (x) = w¯ [k (x)]
with k (x) = ∫ F1 (x) dx, resulting in
w¯w¯′k − w¯ = F0 (x) /F1 (x) , x = x (k) , (1.4)
which is also an Abel equation of the second kind. For the last equation, in [1, 1.3.1] only seventy six solvable cases are listed,
where sixty four of these accept parametric solutions.
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As far now as the solvable cases of Eq. (1.1) are concerned, according to reference [1, 1.4.1] sixteen equations are
parametrically solved as Abel forms (1.4); in eight cases the form (1.3) is converted to equations solvable in closed form
(separable, linear etc) while twenty Abel equations of the first kind are directly reduced to equations solvable by a closed-
form solution (without an intermediate reduction to the second-kind Abel forms (1.2) and (1.3)). In particular among the
latter equations one records four ‘‘arbitrary’’ cases, that is equations which involve arbitrary functions [1, 1.4.1.44–47].
Thus considering the most adequate ‘‘arbitrary’’ form among the above mentioned equations and using an appropriate
transformation provided by Kamke [2], the two Abel forms (the original (1.1) with f0 = 0, f2 6= 0 and the ‘‘arbitrary’’ one)
are reduced to two other Abel equations of the same form (Section 2). Then by requiring that the reduced equations be
identical we obtain a set of necessary and sufficient conditions by means of which the arbitrary functions are ‘‘eliminated’’
and an implicit solution for the Abel equation under consideration is derived (Section 3). The extracted solution contains
one arbitrary parameter, the significance of which is discussed in Section 4 by use of an appropriate example.
2. Reduction of two (Ab-1) equations
In this work we focus on the case where the ‘‘free’’ term f0 in Eq. (1.1) is equal to zero. For this case, by means of the
transformation
y (x) = t (x) q [z (x)] , (2.1a)
z (x) =
∫
f2t (x) dx, t (x) = exp
(∫
f1dx
)
, (2.1b)
provided by Kamke [2, Ch. A, equation 4.10.d], Eq. (1.1) (with f0 = 0) becomes
q′z =
f3t
f2
q3 + q2, x = x (z) . (2.2)
Additionally we consider the ‘‘arbitrary’’ equation [1, 1.4.1.47 (c =-a/b)],
ω′x =
[
ω2 − (f + g) ω + fg] (ω − g − cf
1− c
)
h+ f
′
x − g ′x
f − g ω +
fg ′x − gf ′x
f − g (2.3)
with c a parameter and f = f (x) , g = g (x) , h = h (x) arbitrary functions of x. According to [1], the last equation has a
general closed-form solution, namely
|ω − f |c |ω − g|−1
∣∣∣∣ω − g − cf1− c
∣∣∣∣1−c = K exp [ c1− c
∫
(f − g)2 hdx
]
(2.4)
with K an integration constant. Then by determining
g (x) = cf (x) , c 6= ±1, (2.5)
Eq. (2.3) takes the form
ω′x = hω3 − (1+ c) fhω2 +
(
cf 2h+ f
′
x
f
)
ω, (2.6)
where the ‘‘Kamke’’ transformation (2.1a) and (2.1b) can be applied. More precisely by setting
ω (x) = s (x) p [r (x)] , (2.7a)
r (x) = − (1+ c)
∫
fhs (x) dx, s (x) = f exp
(
c
∫
f 2hdx
)
, (2.7b)
Eq. (2.6) is reduced to
p′r = −
1
1+ c
s
f
p3 + p2, x = x (r) . (2.8)
3. Construction of a closed-form solution
Proposition 3.1. Eqs. (2.2) and (2.8) are identical if and only if the following relations hold:(
f3
f2
)′
x
= c
(1+ c)2 f2 −
f3f1
f2
(3.1)
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and
f 2h = 1
(1+ c)2
f 22
f3
(3.2)
with c an arbitrary constant.
Proof. (Necessity). It is obvious that Eqs. (2.2) and (2.8) are identical if and only if the following equations are valid:
z (x) = r (x) , (3.3)
f3 (x) t (x)
f2 (x)
= − 1
1+ c
s (x)
f (x)
. (3.4)
Substituting now z, t and r, s from (2.1b) and (2.7b), respectively, and differentiating (3.3) with respect to x, we obtain
exp
[∫ (
cf 2h− f1
)
dx
]
= − 1
1+ c
f2
f 2h
, (3.5)
exp
[∫ (
cf 2h− f1
)
dx
]
= − (1+ c) f3
f2
. (3.6)
Furthermore, by combining (3.5) and (3.6), as well as differentiating (3.6) with respect to x and substituting the exponential
function from the same relation, we have
f 2h = 1
(1+ c)2
f 22
f3
, (3.7)
cf 2h = f2
f3
(
f3
f2
)′
x
+ f1. (3.8)
Combination now of the above extracted equations yields (3.1) while either of these, for example (3.7), determines a relation
between the two arbitrary functions f and h, and thus we arrive at Eq. (3.2).
Sufficiency. By multiplying (3.1) by f2/f3 and taking into account (3.2) we arrive at a separable equation for v (x) = f3/f2.
Integrating the last equation with respect to xwe conclude (3.6) since c is arbitrary. Moreover, by combining (3.6) with (3.2)
we arrive at (3.5). Then by substituting the exponential function appearing in the left-hand side of (3.5) and (3.6) by means
of the second of (2.1b) and the second of (2.7b), Eq. (3.6) results in (3.4), while by taking into account the first of (2.1b) aswell
as the first of (2.7b) and integrating (3.5) (with respect to x), we obtain (3.3). The proof of the proposition is complete. 
Corollary 3.1. Let (3.1) and (3.2) be valid. Then
q [z (x)] = p [r (x)] . (3.9)
Actually it is Eq. (3.1) that constitutes a sufficient condition for the derivation of a closed-form solution of the Abel equation
(1.1) (f0 = 0) as we can conclude by the proof of the following theorem:
Theorem 3.2. If Eqs. (3.1) and (3.2) hold, then the Abel Eq. (1.1) with f0 = 0 and f2 6= 0 has a general implicit solution of the
form
|(1+ c) v (x) y+ 1|c |(1+ c) v (x) y+ c|−1 − K |(1+ c) v (x) y|c−1 exp
[
c (1− c)
(1+ c)2
∫
f2
v
dx
]
= 0, (3.10)
where v (x) = f3 (x) /f2 (x) , c is an arbitrary constant and K stands for the parameter of the family of solutions.
Proof. By substituting (2.5) in (2.4), the formula providing the general solution of (2.6) becomes∣∣∣∣1− fω
∣∣∣∣c ∣∣∣∣1− c fω
∣∣∣∣−1 = K exp [c (1− c) ∫ f 2hdx] . (3.11)
Moreover, by means of (2.1a), (2.1b), (2.7a) and (2.7b) Eq. (3.9) yields
f
ω
= 1
y
exp
[∫ (−cf 2h+ f1) dx] . (3.12)
By using now (3.6) Eq. (3.12) becomes
f
ω
= − 1
1+ c
f2
yf3
. (3.13)
Then substitution of (3.13) and (3.2) in the left-hand side and the right-hand side of (3.11), respectively, results in (3.10). 
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We note that, although the function f1 does not appear in (3.10), it is involved in (3.1) and hence it affects the evaluation of
c. In addition, by considering an initial condition associated with Eq. (1.1), namely
y (x0) = y0, (3.14)
and substituting these values in (3.10), then the parameter K is evaluated as
K = K (x0, y0, c) = |(1+ c) v (x0) y0|1−c exp
[
c (c − 1)
(1+ c)2
(∫
f2
v
dx
)
x=x0
]
× |(1+ c) v (x0) y0 + 1|c |(1+ c) v (x0) y0 + c|−1 , (3.15)
A significant observation here is that Eq. (3.2) is simply a relation between the arbitrary functions involved in the auxiliary
‘‘arbitrary’’ Eq. (2.6), and also that these functions are not included in the extracted solution.We further note that the implicit
solution (3.10) contains only the arbitrary parameter c. Therefore we can claim that the arbitrary functions f and h are
‘‘eliminated’’ and hence the sufficient condition constructed herein for the derivation of an implicit solution of the Abel
equation under consideration is mainly expressed via Eq. (3.1). We additionally mention that, according to Kamke [2, Ch. A,
equation 4.10.f], Eq. (1.1) with f1 = 0, f0 = 0, f2 6= 0, in the case(
f3
f2
)′
x
= Af2 (3.16)
with A an arbitrary constant, has an implicit solution given in the form
y (x) = f2
f3
u (x) , u′x =
f 22
f3
u
(
A+ u+ u2) . (3.17)
We see first that condition (3.1) is more general than (3.16) as it can also be applied in the case where f1 6= 0. Furthermore
integration of the second of (3.17) results in [3, 2.177.1, 2.172]
u2
A+ u+ u2
(
2u+ 1+√∆
2u+ 1−√∆
)1/√∆
− C exp
[
2A
∫
f 22
f3
dx
]
= 0, ∆ > 0, (3.18a)
ln
(
u2
A+ u+ u2
)
+ 2
2u+ 1 − 2A
∫
f 22
f3
dx− C = 0, ∆ = 0, (3.18b)
ln
(
u2
A+ u+ u2
)
− 2√
∆
arctan
(
2u+ 1√−∆
)
− 2A
∫
f 22
f3
dx− C = 0, ∆ < 0, (3.18c)
with ∆ = 1 − 4A and C an integration constant. Thus an implicit solution for this special case of (1.1) is given by (3.18a)–
(3.18c) where the first of (3.17) is substituted. By comparing now this solution with (3.10) we see that the formula extracted
in this work is simpler than those provided in [2] as regards their algebraic structure.
Finally considering the three other Abel equations including arbitrary functions (see the end of Section 1), we see that
in two of them we have that f2 = 0 (equations [1, 1.4.1.44, 1.4.1.46]) and thus transformation (2.1a) and (2.1b) cannot be
applied while alternative use of the other ([1, 1.4.1.45] is simply a special case of the treatment by means of (2.3) since by
an identical procedure we arrive at the same condition (3.1) with 2/9 in place of c/ (1+ c)2 (c = {2, 1/2}).
4. Discussion
In this work, by considering specific, solvable in closed form, Abel equations including arbitrary functions and using a
transformation introduced by Kamke, we have constructed a sufficient condition for the derivation of a general closed-form
solution of an Abel equation of the first kind. A similar condition is provided by Kamke, limited to a special case of the
Abel equation considered, but the corresponding implicit solution has a more complicated structure than the one obtained
here as regards the ‘‘algebraic’’ evaluation of the dependent variable. In particular we underline that the arbitrary functions
involved in the analytical procedure developed in this work are finally ‘‘eliminated’’ and an implicit solution including one
arbitrary parameter (c) is derived. We would like to discuss a little the effect of this parameter.
For an Abel equation of the form (1.1) with f0 = 0 and f2 6= 0, in the case where (3.1) can be solved for c (in R), then an
implicit solution of the form (3.10) is obtained for the equation examined. On the other hand, by writing (3.1) in the form of
a linear equation for v (x) = f3 (x) /f2 (x), that is
v′x = −f1v +
c
(1+ c)2 f2, (4.1)
having the solution
v (x) = exp
(
−
∫
f1dx
)[
C + c
(1+ c)2
∫ [
f2 exp
(∫
f1dx
)]
dx
]
(4.2)
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with C an integration constant, then for specific functions f1 and f2, and specific values of c and C , by use of (4.2)we determine
f3 so that Eq. (1.1) has a general solution of the form (3.10). In other words we can construct Abel equations of the first kind
solvable in closed form.
Example 4.1. Consider f1 = 0, f2 = −x, c = 2 (or 1/2) andC = 0. Then from (4.2) it follows that f3 = x3/9 and consequently
we obtain the Abel equation
y′x =
x3
9
y3 − xy2. (4.3)
Inversely, for Eqs. (4.3), (3.1) yields c = {2, 1/2}. Thus the above considerations lead to the conclusion that Eq. (4.3) has
a general solution of the form (3.10) with f2 = −x, v = −x2/9, c = 2 (or 1/2) and K provided from (3.15), where x0, y0
satisfy the associated initial condition (3.14). More precisely for negative values of y, after some algebra (3.10) becomes
x2
(
x2 −Λ) y2 − 6 (x2 −Λ) y+ 9 = 0, y < 0, (4.4)
where
Λ =
{
K , c = 2,
1/K 2, c = 1/2. (4.5)
On setting (x0, y0) = (1, 1), (3.15) yields
K =
{
4/5, c = 2,√
5/2, c = 1/2. (4.6)
From (4.5) and (4.6) we conclude that the forms of Eq. (4.4) corresponding to the two values of c are identical. Thus solving
this quadratic equation for real, negative values of ywe obtain
y = 3
x2
(
1− 2√
4− 5x2
)
, |x| < 2√
5
' 0.894. (4.7)
It can easily be proved that the explicit solution (4.7) satisfies Eq. (4.3). We note that (4.3) is not included in the solvable
cases of the Abel class listed in [1, 1.4.1]. In addition, use of the ‘‘Kamke’’ condition (3.16) results in A = 2/9 and hence
(3.18a) together with the first of (3.17) yields an implicit solution of (4.3), represented by a quintic equation for y, namely
y2
(
x2y− 6)3 − C (x2y− 3)3 (18− 9x2y+ x4y2) = 0,
where C is evaluated by substituting for x and y the initial values x0 and y0, respectively.
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